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Abstract

We study the integrable hierarchy underlying topological Landau—Ginzburg
models of D-type proposed by Takasaki. Since this integrable hierarchy
contains the dBKP hierarchy as a sub-hierarchy, we refer it to the extended
dBKP (EdBKP) hierarchy. We give a dressing formulation to the EdBKP
hierarchy and investigate additional symmetries associated with the solution
space of the hierarchy. We obtain hodograph solutions of its finite-dimensional
reductions via Riemann—Hilbert problem (twistor construction) and derive
Bécklund transformations of the (2 + 1)-dimensional dBKP equation from
additional flows. Finally, the modified partner of the dBKP hierarchy is also
established through a Miura transformation.

PACS number: 02.30.1k

1. Introduction

Dispersionless KP(dKP) hierarchy has been one of prototype systems in dispersionless
integrable hierarchies, which plays an important role in theoretical and mathematical physics
(see, e.g., [1, 3, 10-13, 15, 16, 24, 26] and references therein). A variant system of the
dKP, the so-called dBKP hierarchy [21], is still at the early stage for studying integrability.
The dBKP hierarchy can be considered as the dispersionless limit (or quasi-classical limit)
of the BKP hierarchy (the KP of B-type) [9] which is a kind of reduction of the KP
hierarchy. Such a reduction however is quite different from that for the KdV hierarchy.
In the past few years, some progresses have been made for the dBKP hierarchy such as
hodograph transformations [8], w-infinity symmetries [21] and 3-dressing method [6, 14].
In [22], Takasaki proposed an integrable hierarchy to study topological Landau—Ginzburg
models of D-type. This new integrable hierarchy resembling to the dispersionless Toda
(dToda) hierarchy [23, 25, 26] has two sets of time variables. Motivated by the Riemann—
Hilbert approach to the dToda hierarchy [23, 26], we show that this new hierarchy enables
us to investigate several properties associated with the dBKP hierarchy including dressing
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formulation, finite-dimensional reductions, hodograph solutions, additional symmetries and
Bécklund transformations. Our results not only give a supplement to the previous studies but
also provide a more complete picture of the dBKP hierarchy.

Let us briefly recall the BKP hierarchy and its quasi-classical limit. The BKP hierarchy
is defined by the Lax equations [9]

020+1L = [Bopar, L1, Boner = (L"), (1.1
with constraint

L*=—9Ly! (1.2)
where the Lax operator has the form

L=03+ud " +u3d 2+,

with coefficient functions u; depending on the time variables 7 = (t1, 73, ...) and (}_; @;d), =
Z,;o a;0". It can be shown [9] that the constraint (1.2) is equivalent to the condition
(Bans)io) = 0 with (Zl aia")m = a;. The Lax equation (1.1) can be described by the
compatibility condition of the linear system

Ly =2y, done1¥ = Bopr1 V. (1.3)

Let us take the dispersionless limit to the BKP. Under the change of variables t — /€ and
assuming that u; (¢ /€) = u;(t) + O(€) and ¥ = exp(S/e), the linear system (1.3) in the limit
e — Ogives A =k+ Z;’il u; 1k~ and the phase function S satisfies

021418 = Bon (1.4)

where k = S, and By,41 = (k2"+1)>0. From now on, the projections are with respect to Laurent
series of k as (3, k'), = Yoo aik’, (3, aik’) ;= 32, @ik’ and (3, aik’),, = ar. To
incorporate the dispersionless limit of the constrained equation (1.2), we apply both sides
of L = —37'L*3 on ¥ = exp(S/e). Then the left-hand side in the limit ¢ — 0 gives
A =k+)Y 2 upk™", while for the right-hand side A = k+ Y ;= (—1)"*'u;, k=", This means
that A(z, —k) = —A(t, k) or

A=k+ Zuzik_ZiH =k+ uzk_l + l,t4k_3 +ee.
i=1
Note that A(t, k) is an odd function in &, hence By,,+1(t, —k) = —B,41(t, k) or By, (t, k) =
k2l > s banj-i (1)k*~!. Differentiating equation (1.4) over x we have 35,1k = 9, Bons1
which, after expressing in A, is nothing but the Lax equation of the dBKP hierarchy [21]

Oon1h = {Bons1, A} (1.5)
where the Poisson bracket is defined by
df dg  9f dg

gl ==——-——. 1.6

V8l = 5eax ~ax ok (1.0

The simplest nontrivial flow in the dBKP hierarchy is the (2 + 1)-dimensional dBKP
equation [8]:

Bu, + 15u%u, — Suny — 5u,d; 'uy — 39 uyy =0, (1.7)

where t) = x,t3 = y,ts =t and u = u,.
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2. Dressing formulation

Takasaki [22] proposed an integrable hierarchy underlying topological Landau—Ginzburg
models of D-type as

aL AL .
= {8211+1v E}’ ~ = {82n+1s ﬁ}
8t2n+1 8t2n+l (2 1)
AL A oL . . ’
= {Baps1, L}, —— = {Bops1, L}, =0,1,2,...
3t2n+1 { 2n+1 } 82‘2,1.” { 2n+1 } n
with
o0 o0
L=k+Y uyk", L= gk, 2o #0
n=1 n=0
and
Bays1 = (L") 0, Bows1 = (L7 N,

where the coefficient functions uy, and #i,, depend on the time variables t = (¢, #3, ...) and
t = (f1, 13, ...) and the Poisson bracket {, } here is defined by (1.6). Since £(—k) = —L(k)
and £(—k) = —L(k), we have (Bon+1)i0) = (an+1)[0] = 0. The Lax equations (2.1) are
equivalent to the zero curvature equations

0Bans1 0B+

—— — —— +{Bons1, Bor1} =0,

0top41 0o+t 1Banst, Banet}

Bome1  Bowrt o

~ - A +{B m+1s B n = 07 2.2
o o {Bam+1, Bans1} (2.2)

dBoms1  Boui "
— M " 4 (Bowet, Bou) =0,
8t2n+1 3t2m+1 { 2m+1 2 +1}

which guarantees that the Lax equations (2.1) commute between themselves. Since the first
equation of (2.1) (or (2.2)) involving #,,+1-flows only is just the dBKP hierarchy (1.5), thus
(2.1) (or (2.2)) is an integrable extension of the dBKP hierarchy by introducing an extra set of
time variables 7,,,;. We refer (2.1) (or (2.2)) to the extended dBKP (EdBKP) hierarchy.

Next, we like to show that the Lax operators of the EdBKP hierarchy have a dressing
formulation, similar to that of the dToda case [26], as

[: — eadtp([,?,k) (k), ﬁ — ead@([,f,k) (k)
where ad X (Y) = {X, Y} and the dressing functions ¢(t, 7, k) and ¢(t, 7, k) are defined by

o0 o0
9.0 =Y @@ DK @@ i k) =) gt DT
n=1 n=1
Then the Lax equations (2.1) imply that
Vlznn,(ﬂ(p = _(£2n+l)<_1’ V?ZIHI-,(/)(p = (ﬁ_zn_l)g_l 2.3)
Vio® = (L7 )51, Vi = =L Dz .

where V,, xY = Y ;7 (ad X)*9, Y /(k + 1)!.
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In order to discuss Riemann-Hilbert problem, let us introduce the Orlov—Schulman
operators [20] through the dressing operator approach as

[o.¢] oo
M = idvtih (Z(Zn + Diggsr K + x) =Y @n+ Dign £+ Y 2L,

n=1 n=0 n=0

o0 o0

M = tdo@ih) (- Z(Zn + Doy k™72 4 x) =— Z(Zn + Doy L7772+ Z Donsa L2
n=0 n=0 n=0

which, by (2.3), satisfy the Lax equations

IM oM .
- {BZVH-I? M}v ~ - {an+17 M}
0tons1 0241 (2.4)
IM . IM N . '
={82n+17M}9 ~ Z{BZVH'I?M}v n=071’27”'
0t2p41 0lpt1
and the canonical Poisson relation
(L, M)y ={L, M} =1. (2.5)

Note that M and M are even functions in k, i.e. M(—k) = M(k) and M(—k) = M (k). The
integrability of the hierarchy can be viewed from the canonical conjugate pair (£, M) and
(ﬁ, M) which provides the Darboux coordinates of the 2-form w = Z:io dBous1 A diypyr +
3%y dBanit A diryer (with dw = 0 and @ A @ = 0) so that

w=dLAdM =dL AdM

imples (2.1), (2.4) and (2.5). It can be shown [26] that there exists a single function F (¢, 7)
called free energy such that the coefficients vy, 42 (D2,42) in M(M) and those f5,( f o) 1n the
inverse function k(L, 1, 7)(k(L, t,1)),

k(ﬁ) — [: _ Z f2n£72n+1 — Z fAZnﬁer—la
n=1 n=0

can be expressed in terms of second derivatives of the free energy as

p 1 F oF
W= Vo2 = ,
M D 1 9xdty, 2 S e
. 1 9*F R oF
f2n = Uop42 =

2n+1 8x8?2n+1 ’ 3?2n+1 ’

wheren > land u = f, = 32F /x>

3. Additional symmetries

The solution space of the EABKP hierarchy can be characterized by a Riemann-Hilbert
problem (or twistor construction) [22]. Let f(k, x), g(k, x), f(k, x) and g(k, x) be functions
with definite parity

f(_ks )C) = _f(ksx)$ g(_ks-x) =g(kv-x)v

J(=k,x) = = f(k, x), 8(—k, x) = g(k, x),
and satisfy the Poisson relations

{fey=1{f.8=1 3.1
Then, the functional relations

fL, My = f(L, M, gL, M) = g(L, M)



A note on the dispersionless BKP hierarchy 7645

imply the Lax equations and the canonical relation for (£, M, £, M). We call (f, g, f, &)
the twistor data of the system. We remark that, similar to the dToda case [26], the dressing
approach not only provides a convenient way to introduce the Orlov—Schulman operator but
also enables us to prove the existence of the twistor data. The twistor data of the Riemann—
Hilbert problem are by no means unique, instead there are infinitely many choices of them.
They are connected to each other via canonical transformations. This brings out the notion of
additional symmetries in the solution space. Let F (k, x), F (k, x) be generating functions of
the canonical transformation

(f(k, x), gk, x)) = (fe(k, x), ge(k, x)) = e ™ (f, ),
(Fk, x), 8k, x)) = (Fe(k, x), 8e(k, x)) = e~ (7, 2)
where € is an infinitesimal parameter and

aF 8 OF 9 . 9F 8 9F 9
adF = — — — — — adF = —— — — —

ok 9x  ox ok’ ~ 9k ax  ox ok

(3.2)

Denoting

Ke=K+edp pK+ 0(e),
where K = (£, M, L, M, ¢, ) and the derivative § FP has no effect on the time variables:
Sp plont1 = 8,:,,?22,”.1 = 0. Due to the parity of (f, g, f 8), we have

F(—k,x) = —F(k, x), F(—k,x) = —F(k, x),

and hence

Fk,x) = Zcijk2i+1xj, Fk,x) = Zéijk2i+]x-’.
ij ij

From (3.1) and (3.2) one can show that

Vs, 0@ = [F(L, M) — F(L, M)]<_1.

Vs, po® = [E(L, M) — F(L, M)]>1,
where V;, . xY is defined as before by replacing 9/91, by dp . Thus, from the dressing
formulation the associated infinitesimal symmetries of (£, £, M, M) are given by
8p.pL = {(F(L, M) = F(L. M1, L), 8p pM = {(F(L, M) — F(L M)<1, M),
8p.pL = {(F(L, M) = F(L.M)z1. LY, 85 pM = {(F(L, M) = F(L, M))>1, M)

(3.3)

From (2.1), (2.4) and (2.5), it is easy to show that the additional flows commute with the
Lax flows [0 ¢, O,,,,] = [0F . 03,,,] = 0. However, in general, the additional flows do not
commute between themselves. Given two pairs of generating functions (F, F ) and (G, G),
one can show that the infinitesimal symmetries 8 ¢ and 8, & obey the commutation relations

[(SF,Fv (SG,G]’C = 8{F,G},{F,G}IC‘ (3.4)
In fact, the commutation relation (3.4) can be decomposed into the following ones:

[8F,0, 66,01 = 8(F,G},0K,

[50,F» ‘SO.G]’C = 50,{ﬁ,G}Kv

[8F.0, 8061 =0
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which is isomorphic to a direct sum of w,-algebra and can be realized as infinite-dimensional
Lie algebra of Poisson brackets on a two-dimensional phase space parameterized by (k, x)
[2]. If one extends the infinitesimal symmetries to the free energy F, then

SppF = —res[F* (L, M)d L] + res[l:"x (ﬁ, M) L]

where
F*(k,x) = /0 F(k, y)dy, Fr(k,x) = /0 F(k, y)dy.
Particularly, the commutation relations for § z on J receive a central extension term as
5.5 86.61F = 8ip.cy45.6)F +c(F. G) +&(F, G),
which can be decomposed into a direct sum of w,o-algebra:

[8F.0, 66.01F = 8(r,Gy.0F +c(F, G),
(80,5 80.61F = 8o 7.6 F +&(F. G),
[SF.()’ SO’G]F =0

where ¢ and ¢ are cocycles of the w;,.-algebra defined by

c(F, G) = —res[G (k, 0)dy F (k, 0)], &(F, G) = res[G(k, 0)d F (k, 0)]

4. Finite-dimensional reductions

In this section, we will discuss finite-dimensional reductions of the EdABKP hierarchy. Let us
consider the following twistor data (f, g, f, &):

klfm

Flk,x) = k™, gk, x) = —— + h(k),

R k2N—m+l R

Pk, x) = k"2N, 2k x) = ), m € odd
m—2N

which satisfy the canonical commutation relation (3.1), and the deformations % (k) and fz(k)
are arbitrary even functions of k. The condition f(£, M) = f(£, M) gives an N reduction
of the EdBKP hierarchy defined by the Lax operator
L =/["m—= E"m—ZN
-1
=k"+ leka_z + (mu4 + %M%) km_4 + .-+ Mszm_ZN, Uy = flgn_ZN

which obeys the Lax equations

Iy L = (L) 50, L, Oyu L =1L ey, LY, n=0,1,2,....

?2»14-1
On the other hand, from the condition g(£, M) = §(£, M), the projection ( ) <oy, implies

N—-1 e

2j+1 i 2j+1 ; Vai .
2j—m+1 2j—m+l 2j+2 n—2j—m—1
trin L + tyip L2 +§ 22 e +h(L)<on-
jZ m Jt jZN m JHI~ON—m par m

> 2j+1
N AN=2j-m—1 3. A
=~ /_X_(:) m— 2N hinLoylm +h(L)<an—m-
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Using res(L"d L) = 8,1, we obtain the hodograph equations
oo oo
tonat (U) = tape1 + Z /‘L(szﬁ-‘il)(uj)tZN+2j+l + Z li(gzjlﬁl)(uj)fzﬁl, 0<n<N-—1,
Jj=0 Jj=0
4.1

where the characteristic speeds S (u;), ﬂ%’ﬁl)(u ;) and the initial positions #J ., (u;) are

2j+1
defined by

2N +2j+1 —m
P () = ST (22 L2 g ), 4.2)
2n+1 =
. (2n+1 m2j+1)

) _ m—2n—2 A2N=2j—m—1
Rojer () = 2@t D) res(L LN dL), (4.3)

m
2n+1
To solve the associated hodograph solutions, we consider a class of initial positions. Since
£9..,(u;) are determined by the deformation functions (f, /1) and thus the ambiguity of 3, |
comes from the choice of (4, iz). Leth(k) (fz (k)) be an arbitrary even function in k with Laurent
series of the form h(k) = Y_; hyik* (iz(k) =3 hyik? ) where hy; (hy;) are constants. Then,

£9.,,(u;) defined in (4.4) now can be expressed in terms of h;, &; and Mézj':])(uj), ﬂézjr:])(”j)
as

0 (2n+1) 2 A~ (2n+1)
L)) = —Copyy — E Consajailhy ey — E Cojrillyjy s 0<n<N-1
Jj=0 j=0

() = — res(L" 22 (h(L) — (L)) <con-mdi L). (4.4)

where C; = mh;_,,/I and C; = 2N — m)hay_m—;/I. This immediately implies that the
coefficients of the deformation & (iz) can be absorbed into time variables as a shift #,,,; —
tans1 + Cans1 (Bans1 — Bansr + Caner) so that hodograph solutions u (x, ¢, 7; h, hi) constructed
from deformed cases can be related to those undeformed solutions u;(x, ¢,7; h = h=0) by
shifting the time variables

uj(xv Iy, ?n; h, il) = uj(x, Ion+1 + C2n+la i2n+l + 62n+1; h = 7:1 = O)

However, if h(k) and /i(k) are chosen to be odd functions, then it is clear that tgn 4 1n (4.4)
vanishes. Let us illustrate hodograph solutions for N = 1 and N = 2 reductions.

4.1. N = 1 reductions

In this case,

L=L"=L"72=k"+muk™ 2, m € odd, 4.5)
which provide one-variable reductions of the EdBKP system defined by the Lax equations
O L ={L5 )30, LY, O L={(L7" D L}, n=0,12...,
or

uuy
Ot = — = [[@n+ 1= 1m),
1=0
m(mu)m';":;l Uy "
agzmu = —m n(Zn +1—-12—m)).

=0
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The solution of the reduced system can be obtained from the hodograph equation (4.1)

(o] (o]
1 ~(1 N
) =0+ Y us s+ Y @) Whja. (4.6)

=0 j=0

where t?(u) is an arbitrary function of u and by (4.2), (4.3) we have

1 Jj+l
) o 2j-m+3 _ ul*t .
M21+1(u)—(2] +3)£[17ml T +1)'l_[(2] +3 —1Im), j =0,
. mj+m—1
~ (1) - om@2j+1) qipjom  m(mu) o
M2]+1( )—7£[1 m = mg(2]+l—l(2—m»
Example 1. N =1, m = 1.
In this case, the Lax operator (4.5) has the form
L=L"=k+uk™",
which satisfies the Lax equation
o1 £ = (L )0, £}, o1 £ = (L7 N, L), n=0,12,....

Since £~ = L, the coefficient function u depends on t,,,; and %,,,; only through the linear
combinations #y,41 — f,41. The first three nontrivial equations of them are shown as follows:

du = buu,, By u = 30u’u,, d,u = 140u’u,, 4.7
du = —u,, du = —6uu,, du = —30u’u,. (4.8)

We remark that a solution of the first two equations of (4.7), i.e., #3- and 5-flows, also satisfies
the dBKP equation (1.7). To find (2 + 1)-dimensional solutions of (4.7), we set 2,41 = 0 and
expand the hodograph equation (4.6) up to ts = ¢:

() = x + u(ll)y + ,ugl)t = x + 6uy + 30u’t. 4.9)
Choosing, for example, t?(u) = u and t?(u) = u? (corresponding to ,u(l) and ,u(l)
respectively) into the hodograph equation (4.9), then we have

u(x,y, t) = %(—6)} +1+ \/(6y — 1)2 — 120x1), t?(u) =u,

u(x, y, 1) = T (—3y +/9y2 — (30r — 1)x), (u) = u’.

Furthermore, the (2+1)-dimensional solutions include (x, y, 1) in (4.7) and (4.8) can be given
by expand the hodograph equation (4.6) up to #3 = y and 7;:

19(u) —x+u(11)y+,a(11)t| =x+6uy — 1. (4.10)
Choosing, tl (u) = u and tl (u) = u? (corresponding to /1 (l) and /lgl), respectively) into (4.10),
we get
(. y ) = — 20 )
ulx,y, = - ) u)=u,
Y, i 6y — 1 1

u(x,y, ) =3y /992 +x — 1, Ou) = u’.
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4.2. N = 2 reductions

In this case,

L=L"=L"" ="+ muk™* + wk™ ™, m € odd, 4.11)
which describes a class of two-variable Lax reductions of the EdBKP system and satisfies the
Lax equations

2n+1 2n+1
O, L= {(L7 )54 L}, By L= {(L7m) . L}, n=0,12,...,
or
n+l 2n+1 .
du — ’;l'r:— J ((mu)2j7”71wn7j+1)x
0ton+1 , J n—j+1
Jj=0
9 n 2n+1 . ) ) ) )
at“’ = ( " )(n / j><(mu)21"w"fwx+(4—m>(<mu)zf"w"f>xw),
2n+1 - -
j=0
(TR,
0241 J n—j

ow

E--£0)
<

dton+1

X ((mu) =" w ¥ T, + (4 — m)((muw) " w ) w). 4.12)
By (4.1), the solutions for higher flows of the reduction can be given by the hodograph
equations

t1 (W, w)=1n+ Z/’LZJH(” W)hj4s5 + ZM21+1(M w)t21+1»

=0 =0 (4.13)

oo
0 @3 3 A
B, w)y =6+ WSy (u, w)tajus + Z 5y, w)bajan
j=0 j=0

where M;’/)+l (u, w) and ll(z,)n (#, w) are the functions of # and w, defined by (4.2) and (4.3)

. 24 ,542j—m n ) )
Wope = G+2)) | D ( " ) (J. s 2) (mu) =2

n=1
I+j  /542j—m
m—73 ==_7 n ) .
+ m mu 2n—_1 w]+_]—l1 ,
m Zl( n ><j—n+1)( )
n=
1
3 _ J i 5+2,{, = n nm—j—1,, 1+j—n
Hajur = n —n+1 (rmut) v ’

n= (4.14)

j—1

~.

2_]+] m — 4

0 m(21+1>[
M [ —

3-2j—m
—_— n s 3-2j-m _
m—4 ) (mu)Zn ]+1w Py n
n j—n—1
n
Jj 3=2j—m
m—3 n s 3=2j—m _
+ > ( m—4 )( )(mu)z” AT ”}
m 0 n J—n

. J 3-2j—m
3 _ m2j+1) — n onej, 2y
Fajnt = 300 — 2y ;:0 i i—n (muw)™w -

Il
S
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Example2. N =2, m = 1.
In this case, the Lax operator (4.11) is defined by

L=L=L7%=k+uk" +wk>,
which satisfies the Lax equation
O £ = {(L* )30, L}, I £ =L N1, L}, n=012,....

The hierarchy flows of u, w can be read by substituting m = 1 into (4.12). From
equations (4.14), the coefficients Mz +1(u, w) and ,&gj)ﬂ(u w) (i =1, 3) are given by

w = —10u% + 20w, ns = —70u® + 126uw, pl” = —378u* + 504u’w + 252uw?,
n =20u/3, 1S = 35u% + 14w, 1 = 168u> + 168uw,

A~ (1 A~ 1 A (1 — _

,U«() guw 23, H() 1, Mg) _ —%Lﬁw 43 %uw 13,
A3 _ —2 3 A (3) ~(3) _ 5 —4/3 —l 3

My = 9 ", ps =0, 5 31”w / 27 2.

To find (2 + 1)-dimensional solutions in u(x, y, t), we set 5,41 = 0 and expand the hodograph
equations (4.13) up to #s:
2, w) = x + p'V1 = x + (=104 + 20w)r,

t3 (u,w)y=y +M§3)t =y+ —ut

where t? and tg] can be given by ,u3 ) and u3 , respectively, as
O, w) = 10u® — 18uw, £ (u, w) = —5u* — 2w.
After eliminating w, we obtain a hodograph equation for u
165u® + 3601u® +200¢%u + 27yu + 30ty — 3x = 0.
The above equation has a real solution
f N 2(6801> — 297y) 8

iy, 1) =335 3f 1

with
f = (2016 000> — 1128 600ty + 326 700x

+220v/a110 + art*y + azt3x + ast®y? + astyx + agy’ + azx2)'3,
a; = 32000000, a; = —25920000, az = 27216000, a, = —3426300,
as = —1523 6100, ag = 4330260, a7 = 2205225.
One can verify that u(x, y, t) satisfies the t5,,-flow (4.12) as well as the dBKP equation (1.7).
Similarly, the (2+ 1)-dimensional solutions involving (x, y, #;) that satisfy (4.12) can be given
by expanding the hodograph equation (4.13)uptotz = y and Fy:
t?(u, w) =x +/L§])t1 =x+= uw —233, tg(u, w)=y +,&§3)f1 =y—iw

Choosing tl =z /lgl), t3 =3 [L?), after eliminating w, we get an implicit equation,

=23,

1296y*u* + 864xy>u® + 72y (3x%y + 2y1; + 2)u® + 24x (x%y + 2y7) + 2)u + x> (x* + 4i)) = 0,

which can be solved as
uey i) = — 2+ L yi - 1+ By 1 Ol D).
e 6y~ 6y3

So far, we have obtained some hodograph solutions of the (2 + 1)-dimensional dBKP equation
(and its extension). To get more new solutions in this approach, the main difficulty we have
to confront with is to solve higher order algebraic equations. In the next section, we shall
show that Biacklund transformations provide a convenient way to construct new solutions by
treating the known solutions as seed solutions.
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5. Backlund transformations

Let us discuss the one-parameter flow generated by addition symmetries. Setting s = —e,
then the additional flow (3.3) can be written as

aL A A A

where the generators F and F can be expressed as

F(,C, M) — Zcij£2i+le7 F ﬁ Z £21+1MI
ij
with ¢;; and ¢;; being the arbitrary constants. Motivated by the dKP case [19], let us consider

an (r, s)-restricted system by putting f5,,1 = 0,Vn > r + 1, and %,4; = 0,Vn > s. The
Orlov—Schulman operators then become

= Qr+ Dty L2+ 2r — Dtop 1 L2724+ x+ O(L7D),
M=—2s — Dhyy 1 L7 — 25 = Doy 3L 52 4o —HL2+ 00+ O(LP).

Substituting M and M into F and F, respectively, and demanding that additional flows (5.1)
generated by F and F do not induce hierarchy flows for t2,.1(n > r + 1) and %, (n > 5),
then we have

r -1
F(L, M) =) F(L, M), (L. M) =Y Fi(l, M)

i=0 i=—s

where the r + s + 1 symmetry generators are defined by

M .
F(L, M) =q; (m)ﬁzm, i=012,...,r(r 21,

o MLAZS s
Fi(L, M) =B <—( > LA

= i=—s,—s+1,...,—1.
2s — 1)

and «;, B; are the arbitrary functions.
Let us discuss the simplest nontrivial example, the (2, 1)-restricted system, which depends
on four time variables 71, x, y and ¢. The four symmetry generators in the system are given by

. o M
F_y=B1(—MLHLT, Fo = —
1 = 1 (=ML 0 =g <5£4>

M M
F = £3 F = - £5
1 <5£4> ’ “2<5£4>

where
B-1(—=ML?) = B_i (1) + O(L?)

M 3 1 9
a; (m) o;(ts) + e ()L™ + (50!, (t5)x + %0{1 (fi)%) ™

1 3 9 A
+ <5a, (t5)vy + 25“ "(t5)xt3 + ﬁo/” ) L+ 0L, i=0,1,2.
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The additional flows for the primary variable u = u, are

. ou L. o0u
F_,: —=p8_1(t) —,
1 3s ﬂ 1(1)8t1
9 ou
Fp: — =Olo(l5)—»
ds x
du 3 u 1
F, : 3_ —Ol](l5) + 5a1(t5)t33 + Sal(t5)
T (r)8 a2 v (Lapusie + — oz ) L
- o5 = ay(ts 5(X2 5 g t; 5“2 5)X 50“2 5 9x
2, 3
+ —ud(fs) + — o (15)13,

5 25

where we have used the fact vy, = u in the last equation. These additional flows can be solved
as follows:

PN

F i uGsix,y,t,0) =u(x, y, 1,1)),

Fo: u(s;x,y,t,0) =ulx+s0), y, t, 1),

Fy: u(s; x,y, t, i) = u(x+ =5 al(t)(x (t)+ S8y (1), y+sa1(t),t,t1)+ zsa (1),
Friu(sixy,t,0) = @Pu(@)'Px+ @) 7'1y2). @ Py L h) + 5@y,

where §1 (s, ) and 7 (s, t) are defined implicitly by

§](s,f1) i(s,t) dz t dz
/ f =g +/ _ (5.2)
1(Z) B- 1(Z) az(z) a(z)

and 7 = 97/9¢. Since the formulae shown above connect two solutions of the dBKP equation,
they can be viewed as Bicklund transformations of the system. In particular, a composition of
any two Bicklund transformations is still a Backlund transformation. Due to the commutative
subalgebra of additional symmetries, a pair of F-type and F-type Bicklund transformations
satisfies the following commutative diagram of transformations:

u(s;x, v, t,0)
F 7 N CF

u(x,y, t,f) u(s,§;x,y,t,01) =uS,s;x,y,t, 1)
FN SF

M(f;x, yatail)

which reveals the permutability of Béacklund transformations.

Example 3. Consider the Biicklund transformation generated by F,. Set f; = 0, we have

uls; x, y,0) = @ (s, 1) u(@ (s, 0P (x + 5@ (5,0) 7' (s, )y, T (s, 1)y, 1(s5, 1))
+ 55 (7'(s,0) 7T (s, 1)y, (5.3)

Given a hodograph solution of the (2 + 1)-dimensional dBKP equation

1 2
u(x, y, t) = @(—6” 1++/(6y — 1)2 — 120x1)
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which, after the Béacklund transformation (5.3), becomes

/ 2/5
u(s;x,y, t) = %(—G(f(& 0y +1

+\/(6(f’(s, 1)y — 1) = 120(f"(s, 1)1/ (x + %(f’(s, DG, t)y2> f(s.1))

3
+ E(f’(s, ) (s, 1)y,

where f (s, t) = i(s, t) defined by (5.2) is an arbitrary well-behaved function with respect to
t. Therefore, we obtain a one-parameter family of solutions of the (2 + 1)-dimensional dBKP
equation (1.5). Other transformations can be performed in a similar manner so we omit them
here.

6. Miura transformation

Let us perform a Miura transformation to the dBKP hierarchy (the #,,,,-flow part of (2.1) and
(2.4) only):

L =e7 (L), M =M,
where ¢ = ¢ (¢) satisfies the evolution equations
82n+1¢ = ‘C%—}H—l ‘k:¢x M

Then, the corresponding modified hierarchy is given by

oL oM’
= {Byis £,

= {Bén.;.] 9 M/}v

0t2n+1 0t2n41
with the canonical Poisson relation
' M} =1,
where B),,; = (£?"*!)>. The new Lax and Orlov—Schulman operators have the form
oo oo
L=k+Yy uk™" M =20+ Dy L2+ w3772,
n=1 n=0 n=0
where the coefficients u; in £’ are related to those of u; in £ as
j—2 j—2
Uy = ¢u, Wy =uj+ Zl<—¢x>"u,-_n< . ) j=2
n=

with the proviso u,j,; = 0. In fact, the Lax flows for £ describe a modified partner of
the dBKP hierarchy, we may call it the dispersionless modified BKP (dmBKP) hierarchy.
Consider the zero curvature equations:

8BVZH+1 B £m+l

— - 2 4 (B Bt} = 0.

P ol 8t2,1+1 2n+1 2m+1
Forn =1 and m = 2, we have

0B, 3B,

dts ot3

+{B,.B,} = 0. 6.1)

From the coefficient of k* in (6.1) we get

[ T ’o 1..73
uy =30, uy, —2ujuy — Uy,
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while for that of k3, after eliminating uj, we have
’ 1 a—1_7 ” 2 /4 2.7 2 7 a—1 7

Uy = §8x Uy, — Uy + FU +3ufu, — gulax Uiy
Taking the coefficient of k2 in (6.1) and eliminating u’y and u, from above, we obtain
3ul, + (2uf + 10uful + 150 uy — 5uh9; uf )

50-1 -1 -1 -1

— 30, Uy, — 10w 0wy, — Suy 0 uh, — Suy 9 uy, = 0. (6.2)
To eliminate u’,, we consider the #3-flow of the gauge function ¢:

L)

013

Since u} = ¢, and u}, = u,, we obtain the relation between u/ and u} as

Bujuhy = —uf + 07 "u},. (6.3)

= ¢ +3usep,.

After substituting (6.3) into (6.2) to eliminate u), we get the (2 + 1)-dimensional dmBKP
equation (v = u}):

4 2 -1 -1 ~1, g-1
9v; +5v7v, +5v7vy — 50, vy, — 10vv, 0 v, — 5v7 0,0, vy

+5v_2vx(8x_lvy)2 + 51),58;1(1)2 — v_lax_lvy)v =0.

7. Conclusion

To sum up, we have studied the dBKP hierarchy from its extension, the so-called EdBKP
hierarchy which is an integrable hierarchy underlying the Landau—Ginzburg models of D-type
proposed by Takasaki. After introducing a dressing formulation to the EdBKP hierarchy, we
discuss additional symmetries of its solution space via Riemann—Hilbert problem. Particularly,
we discussed finite-dimensional reductions and hodograph solutions of the EdBKP hierarchy
and constructed new solutions using Bicklund transformations generated by additional
symmetries. Furthermore, the gauge equivalence to the dBKP hierarchy, the so-called dmBKP
hierarchy, is also discussed. Just like the relationship between the dKP and dmKP hierarchies
[7], the integrability of the dmBKP can be investigated from that of the dBKP via the Miura
transformation between them. Finally, we would like to remark that the Lax as well as
Hamiltonian formulations to dispersionless integrable systems can be defined with respect to
the Poisson bracket of the form {A, B}’ = p"dA/0kdB/dx—p"dA/dxdB/dk [4,5,17,18].
It would be interesting to discuss the integrability of the dBKP hierarchy in this more general
setting.
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